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A model independent study of the minimal flavor violation (MFV) framework is presented, where 
the only sources of flavor breaking at low energy are the up and down Yukawa matrices. Two limits 
are identified for the Yukawa coupling expansion: linear MFV, where it is truncated at the leading 
terms, and nonlinear MFV, where such a truncation is not possible due to large third generation 
Yukawa couplings. These are then resummed to all orders using non-linear cr-model techniques 
familiar from models of collective breaking. Generically, flavor diagonal CP violating (CPV) sources 
in the UV can induce 0(1) CPV in processes involving third generation quarks. Due to a residual 
U(2) symmetry, the extra CPV in Bd — Bd mixing is bounded by CPV in Ba — Ba mixing. If operators 
with right-handed light quarks are subdominant, the extra CPV is equal in the two systems, and is 
negligible in processes involving only the first two generations. We flnd large enhancements in the 
up type sector, both in CPV m D — D mixing and in top flavor violation. 
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Introduction. Precision flavor and CP violation 
measurements provide very strong constraints on models 
of new physics (NP) beyond the Standard Model (SM). 
For instance, ck constrains the scale of maximally flavor 
violating NP to be > lO'^ TeV. Therefore, TeV scale NP 
which stabilizes the electroweak scale and is accessible at 
the LHC has to have a highly non generic flavor structure. 

The tension with precision flavor tests is relaxed if the 
SM Yukawa matrices are the only source of flavor break- 
ing, even in the presence of new particles and interac- 
tions [H, [3, 3 • This hypothesis goes under the name of 
Minimal Flavor Violation (MFV). Sometimes additional 
assumptions are made — that the SM Yukawa couplings 
are also the only source of CP violation (CPV ), e.g. 
in [H , or that NP does not change the Lorcntz structure 
of the effective weak hamiltonian [4]. We will not make 
these assumptions, but will discuss their consequences 
below. 

A useful language for discussing MFV was introduced 
in It relies on the observation that for vanishing 
Yukawa couplings the SM has an enhanced global sym- 
metry. Focusing on the quark sector this is 



--SM 



U{i)Q X t/(3)„ X C/(3)d, 



(1) 



where Q,u,d stand for quark doublets and up and down 
type quark singlets respectively. The SM Yukawa cou- 
plings 



(2) 



are formally invariant under Q^^, if the Yukawa matri- 
ces are promoted to spurious that transform as ^ — 

yQYu,dVl while the quark fields are in the fundamental 
representations, {Q',u',d') = VQ^u,d{Q,u,d). Weak scale 
NP models are then of the MFV class if they are formally 



invariant under Q^^, when treating the SM Yukawa cou- 
plings as spurious. Similarly, the low energy flavor ob- 
servables are formally invariant under Q^^. Practically, 
this means that only certain insertions of Yukawa cou- 
plings are allowed in the quark bilinears. For example, in 
QQ bilinears insertions such as Q{YuY^)'^Q are allowed, 
while QYj{YuY^y'Q are not. 

The above deflnition of MFV is only useful if flavor 
invariant operators such as Qf{tvXu,^dYd)Q can be ex- 
panded in powers of Yu,d- In the large tan/3 limit both 
Yu and Yd have 0(1) eigenvalues yt^. The convergence 
radius is then given by the size of eu,d- We distinguish 
between two limiting cases 

• Linear MFV (LMFV): eu,d < 1 and the dominant 
flavor breaking effects are captured by the lowest 
order polynomials of Yu,d- 

• Non-linear MFV (NLMFV): eu,d ^ 0(1), higher 
powers of Yu,d are important, and a truncated ex- 
pansion in yt^b is not possible. 

Examples of NLMFV are: low energy supersymmetric 
models in which large tan (3 effects need to be resummed 
(large e^), and models obeying MFV at a UV scale 
Kp ^ ^v/, where large eu,d oc \og(pw / ^f) are generated 
from sizable anomalous dimensions in the renormaliza- 
tion group running ^ . Another example is warped extra 
dimension models with alignment [6] , in cases where right 
handed up-quark currents are subdominant. 

In this letter we show that even in NLMFV there 
is a systematic expansion in small quantities, Vtd,Vts, 
and light quark masses, while resumming in yt,yb ^ 
0{1). This is achieved via a non- linear cr-model-like 
parametrization. Namely, in the limit of vanishing weak 
gauge coupling (or my/ oo), J7(3)q is enhanced to 
C/(3)qu X U{2>)Qd. The two groups are broken down 
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to U{2) X U{1) by large third generation eigenvalues in 
Yu,dXud' t^^* energy theory is described by 

a [U{3)/U{2) X ?7(1)]^ non-linear cr-model. Flavor viola- 
tion arises due to the misalignment of and Yd, given by 
Vtd and Vts once the weak interaction is turned on. We 
can then prove with complete generality that in MFV: 
(i) extra CPV can only arise from flavor diagonal CPV 
sources in the UV theory; (ii) the extra CP phases in 
Bs — Bs mixing provide an upper bound on the amount 
of CPV in Bd — Bd mixing; (iii) if operators containing 
right-handed light quarks are subdominant then the ex- 
tra CPV is equal in the two systems, and is negligible in 
2 — > 1 transitions. Conversely, these operators can break 
the correlation between CPV in the Bg and Bd systems, 
and can induce significant new CPV in €k- Combinations 
of observables which are sensitive to LMFV vs. NLMFV 
are also identified. Another non-linear parameterization 
of MFV was presented in Q. We focus on exploiting 
the general control obtained by our formalism in order 
to study its model independent implications. A modifi- 
cation of the formalism is needed for j^b ^ 1, as discussed 
below. 

Formalism. To realize Q'^^ non-linearly, we promote 
the Yukawa matrices to spurious, with the transforma- 
tion properties given below Eq. ([2]). These flavor trans- 
formations are broken once the Yukawa couplings obtain 
their background values. The eigenvalues of the latter 
are hierarchical and the two matrices are approximately 
aligned. We therefore take F„ ~ diag (0, 0, yt) and Yd ~ 
diag (0, 0, yb). The breaking of the flavor group is dom- 
inated by the top and bottom Yukawa couplings which 
break it down to Ti.^^ = U{2)q x C/(2)„ x U{2)d x {7(1)3. 

The broken symmetry generators live in gSM^^j^SM 
cosets. It is useful to factor them out of the Yukawa 
matrices. We thus use the parameterization 

K,d = e''^«e±'*/2^;,,e-*'^-^ (3) 

where the reduced Yukawa spurious, Y^^d, are 

Here 4iu,d are 2x2 complex spurious, while x and pi, 
i = Q,u,d, are the 3x3 matrices spanned by the broken 
generators. Explicitly, 

where x and pi are two dimensional vectors. The pi shift 
under the broken generators and therefore play the role of 
spurion " Goldstone bosons" . Thus the pi have no phys- 
ical significance. X; on the other hand, parametrizes the 
misalignment of the up and down Yukawa couplings and 
will therefore correspond to Vtd and Vts in the low energy 
effective theory [see Eq. ((T^ ]. 



Under the flavor group the above spurious transform 
as, 

^p.=V,e'P^Ul e'^' ^ Uqc'^uI, Y^ ^ UgY^Uj. (6) 

Here Ui = Ui{Vi,pi) are (reducible) unitary representa- 
tions of the unbroken flavor subgroup U{2)i x C/(l)3, 

U^=\^\^ /^aj, l = Q,U,d. (7) 

For V, e H^^, = Vi. Otherwise the depend on 
the broken generators and pi. They form a nonlinear 
realization of the full flavor group. In particular, Eq. 
(|6l) deflnes Ui{Vi,pi) by requiring that p[ is of the same 
form as pi, Eq. ([5|). Consequently pi is shifted under 
gSM^^SM g^^^ j-jg gg-j- ^ convenient value as dis- 
cussed below. Under Hp"^, x[Pi\ are fundamentals of 
U{2)q \U[2,)i\ carrying charge —1 under the U{l)z, while 
(j)uA are bi-fundamentals of U{2)q x U{2)u,d- 

As a final step we also redefine the quark fields by 
moding out the " Goldstone spurious" , 

UL = e-'*/2g-VQy^^ ^ e'^/'^e-'P'^dL, (8) 

UR^e-'P-UR, dR^e^'P^dR. (9) 

The latter form reducible representations of Ti^^. Con- 
centrating here and below on the down sector we there- 
fore define c?l,_r = {d\'j^,0) + (0,6l,_r). Under flavor 

transformations d!f^^' ~ Ug^'^cf^^ and = exp(i(^3)6i. 
A similar definition can be made for the up quarks. 

With the redefinitions above, invariance under the full 
fiavor group is captured by the invariance under the un- 
broken fiavor subgroup [8]. Thus, NLMFV can be 
described without loss of generality as a formally Ti.^^ - 
invariant expansion in <f>u,d,X- This is a straightforward 
generalization of the known effective field theory descrip- 
tion of spontaneous symmetry breaking Q. The only 
difference in our case is that Y^^ are not aligned, as man- 
ifested by X 7^ 0. Since the background field values of the 
relevant spurious are small, we can expand in them. 

We are now in a position to write down the flavor struc- 
tures of quark bilinears from which low energy flavor ob- 
servables can be constructed. We work to leading order 
in the spurious that break Ti^^, but to all orders in the 
top and bottom Yukawa couplings. Beginning with the 
left-left (LL) bilinears, to second order in x, (j)u^d one flnds 
(omitting gauge and Lorentz indices) 

IlIl, d^l^df, Ji'Vu^tJf, (10) 

dfxH, bLX^xh, df\x^df. (11) 

The first two bilinears in Eq. (fTO|) are diagonal in the 
down-quark mass basis and do not induce flavor viola- 
tion. In this basis the Yukawa couplings take the form 
Yu = Vl^y^d\ag{mu,mc,mt),Yd = diag (rrid, m^, mf,). 
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This corresponds to spurions taking the background val- 
ues pq = x/2, Pu,d = 0, 0d = diag(rnd,'7is)/mb, while 
flavor violation is induced via 



rrit rrit 



(12) 



^CKM stands for a two generation CKM matrix. In terms 
of A = sin — 0.23, the flavor violating spurions scale 
as X ^ (A^^jA^), (0u)i2 ~ A^. Note that the redefined 
down quark fields, Eqs. ()8I9|) . coincide with the mass- 
eigenstate basis, (Il.r = ^L.i?, for the above choice of 
spurion background values. 

The left-right (LR) and right-right (RR) bilinears 
which contribute to flavor mixing are in turn (at lead- 
ing order in x, 4>u,d spurions), 



dRUdXbB. 



(13) 
(14) 



To make contact with the more familiar MFV notation, 
consider down quark flavor violation from LL bilinears. 
We can then expand in the Yukawa couplings, 

Q[aiYuY^+a2iY,,Y^f]Q+[b2QYaY^YdYjQ+h.c.]+- ■ ■ , 

(15) 

with ai,2 = Oiel''^), 62 = 0{elel). Following the dis- 
cussion in the Introduction, the LMFV limit corresponds 
to oi ^ 0,2, b2, and the NLMFV limit to ai ~ 02 ~ 62- 
While ai_2 are real, the third operator in Eq. is not 
Hermitian and 62 can be complex introducing a new 
CP violating phase beyond the SM phase. The leading 
flavor violating terms in Eq. (llSp for the down quarks 



dl [(ai + a2yMj + aiCf,] 4 + [b2yl d^S^bbh + h. 



Cb{df\bL + h.c) + ctd^l^xx 



(16) 



where ^fj — ylV^^Vkj with i ^ j- On the RHS we have 
used the general parameterization in Eqs. (jlOllip with 
Cb ~ {aiy"^ + a2yf + b2yl), Ct ~ aiy^ + a2yt and Cc ~ ai 
to leading order. The contribution of the Cc bilinear in 
flavor changing transitions is 0(1%) compared to the Ct 
bilinear, and can be neglected in practice. 

LMFV vs. NLMFV. A novel feature of NLMFV 
is the potential for observable CPV from right-handed 
currents, to which we return below. Other important 
distinctions can be readily understood from Eq. 
In NLMFV (with large tan/3) the extra flavor diagonal 
CPV phase Im{cb) can be large, leading to observable 
deviations in the i?d,s — 5d,s mixing phases, but none 
in LMFV. Another example is 6 — > svv and s — > dvv 
transitions. These receive contributions only from a sin- 
gle operator in Eq. (fT6|) multiplied by the neutrino cur- 
rents. Thus, new contributions to -B — > Xsvv^ B — > Kvv 



(cb ~ Ct), see e.g., [10|, but are independent in NLMFV 
with large tan/3. 0(1) effects in the rates would cor- 
respond to an effective scale Amfv ^ 3 TeV in the 
four fermion operators, with smaller effects scaling like 
1/Amfv due to interference with the SM contributions. 
Other interesting NLMFV effects involving the third gen- 
eration, e.g., large deviations in Br(_Bd,s and 
b — > 57, arise in the MSSM at large tan/3, where resum- 
mation is required ll|. Contributions to 1 ^ 2 transi- 
tions which proceed through the charm (cc) and the top 
(ct) are correlated within LMFV (q ~ Ccyf), but are 
independent in the NLMFV case, even for small tan /3. 
Unfortunately, the smallness of the Cc bilinear prevents 
tests of this correlation in the near future, e.g., via com- 
parison of TT+t/P and the CPV decay Kl n^vv. 

CP Violation. Assuming MFV, new CPV effects can 
be significant if and only if the UV theory contains new 
flavor-diagonal CP sources. The proof is as follows. If no 
flavor diagonal phases are present, CPV only arises from 
the CKM phase. In the exact U{2) l hmit the CKM phase 
can be removed and the theory becomes CP invariant (at 
all scales). The only spurions that break the U{2) l flavor 
symmetry are (f)u,d and %. CPV in operators linear in x 
is directly proportional to the CKM phase [cf. Eq. ^TE\i ]. 
Any additional contributions are suppressed by at least 

and 
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[(l)l(j>u,(l>li(l)d] ~ (Tns/mbY{mc/mtY sinOc 
are therefore negligible. 

Flavor diagonal weak phases in NLMFV can lead to 
new CPV effects in 3 — > 1 and 3 — > 2 decays. An example 
is A_B = 1 electromagnetic and chromomagnetic dipole 
operators constructed from the flrst bilinear in Eq. (jl3p . 
The operators are not Hermitian, hence their Wilson co- 
efficients can contain new CPV phases. Without new 
phases, the untagged direct CP asymmetry in _B — > Xd,s"1 
would essentially vanish due to the residual U{2) sym- 
metry, as in the SM 12], and the B — > Xg^ asymmetry 
would be less than a percent. However, in the NLMFV 
limit (large yb), non- vanishing phases can yield signifi- 
cant CPV in untagged and B Xg^ decays, and the 
new CPV in S ^ Xs^ and B X^j would be strongly 
correlated. Supersymmetric examples of this kind were 
studied in [l^, where new phases were discussed. 

Next, consider the NLMFV AB = 2 effective op- 
erators. They are not Hermitian, hence their Wil- 
son coefficients K^/A^py can also contain new CP vi- 
olating phases. The operators can be divided into 
two classes: class-1, which do not contain light right- 
handed quarks [{d^^^ xbL,R.)'^ ,■■■]', and class-2, which do 

[(d^VrfX^i) (d^L^xbR),---]- Class-2 only contributes to 
Bg — Bg mixing, up to nid/ms corrections. Taking into 
account that SU{i)F breaking in the bag parameters of 
the Bg — Bg vs. Bd — Bd mixing matrix elements is only 
at the few percent level in lattice QCD 



14| . we con- 



vs. Kl 



TT^vv are correlated in LA/IF V 



elude that class-1 yields the same weak phase shift in 
Bd ~ Bd and Bg — Bg mixing relative to the SM. The 
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class- 1 contribution would dominate if Amfv is compa- 
rable for all the operators. For example, in the limit of 
equal Wilson coefficients Kj/A^py, the class-2 contribu- 
tion to Bg — Bg mixing would be « 5% of class-1. The 
maximal allowed magnitude of CPV in the Bd system is 
smaller than roughly 20%. Quantitatively, for Tni « 1, 
this corresponds to Amfv ~ 18 TeV for the leading class- 
1 operator, which applies to the Bg system as well. Thus, 
sizable CPV in the Bg system would require class-2 con- 
tributions, with 0{1) CPV corresponding to Amfv ~ 1-5 
TeV for the leading class-2 operator. Conversely, barring 
cancelations, within NLFMV models NP CPV in Bg - Bg 
mixing provides an upper bound on NP CPV in B^ — B^ 
mixing. 

For 2—^1 transitions the new CPV phases come sup- 
pressed by powers of m^.s/mf,. All the 2^1 bilinears 
in (fTUl) , pTjl , IT^l) , (HH) are Hermitian with the exception 

of d^^"^ xx' 4'dd^^'^ ■ This provides the leading contribution 
to ck from a non-SM phase, coming from the operator 



Olr = 0LXX^<l>ddR^f- Its contribution is « 2% of the 



?(2)^2 



SM operator Oll = (df^xx^df ^)'^ for comparable Wil- 
son coefficients klr.ll/^mfy- ^or kll -.^rn klr ~ 1, 
a new contribution to that is 50% of the measured 
value would correspond to Amfv ~ 5 TeV for O^l and 
Amfv « 0.8 TeV for Olr. 

Note that the above new CPV effects can only be 
sizable in the large tan/3 limit. They arise from non- 
Hermitian operators (such as the second operator in 
(lisp ), and are therefore of higher order in the Yd expan- 
sion. Whereas we have been working in the large tan /3 
limit, it is straightforward to incorporate the small tan/3 
limit into our formalism. In that case the flavor group 
is broken down to U{2)q x t/(2)„ x [/(1)3 x U{3)d and 
the expansion in Eq. ([3]) no longer holds. In particular, 
resummation over yh is not required. Flavor violation is 
described by linearly expanding in the down type Yukawa 
couplings, from which it follows that contributions pro- 
portional to the bottom Yukawa are further suppressed 
beyond the SM CKM suppression. 

Up quark sector. Finally we comment on the 
up sector. We work in the up-quark mass basis 
in which p„ = = 0, pg = -x/2, 0„ = 

diag (m„, mc)/mt, while the flavor violating spurious are 

0d = VcKM^^^S{'nT'd,mg)/mb and x = i{Vub,Vcb)- An 
important prediction of the NLMFV models for the up- 
sector is that the new contributions are greatly enhanced 
for large tan/?. Consider top flavor changing neutral cur- 
rents (FCNC). Within the SM they are highly suppressed 
by a combination of a loop factor, GIM and CKM sup- 
pression. This results in branching ratios BR{t cX) ^ 
0(10""'^^). An example of a FCNC bilinear operator 
in NLMFV is uC^^xi [in the LMFV fimit it corresponds 
to CL{YbY^)^^tL and CL{Yi,Y^)^^yttii]. Model indepen- 
dent analysis shows that such an operator can lead to 



BR{t cX) - 0(10-5) [lil, which may be within the 
reach of the LHC. 

Similar enhancements are expected for CPV in _D — 
D mixing. The relevant operators are {iif^ XX^ ^^l^)'^ 

and {ul\x^Ul^){ul^ 4'd4'd''^L'')- The resulting CP vi- 
olation in mixing is estimated to be arg(Mi2/ri2) = 
0(5%) (1 TeV/AMFv)'^ (sin 27, sin 7), respectively, where 
7 = argi-VudV^jVcdV;,). For Amfv ~ 1 TeV this is 
four orders of magnitude greater than in the SM, and 
would be observable in the future. Operators of the 

type (^^^''xxVti^'fl'')^ can contain a new CPV phase, but 
(toc/to()^ suppression renders them negligible by com- 
parison. Unfortunately, experimental tests of MFV are 
generally very difficult in rare charm decays due to dom- 
inance of long-distance SM effects. 

Concluding remarks. Above we focused on the for- 
malism and low energy flavor violating observables. How- 
ever, useful information can also be extracted from fla- 
vor diagonal quantities such as the new physics mass 
spectra Il6| or non universal couplings to new gauge 
bosons jd]. For example, let us assume that new scalar 
states are in the fundamental of U{3)u so that the mass 
matrix squared is in its adjoint as in supersymmetric 
models (e.g. right-handed squarks, neglecting the mix- 
ing with left-handed squarks). Order one or larger split- 
ting Am^3 between the first two and the third generation 
would signal the NLMFV limit. Further insight would be 
provided by the mass spliting between the first two gen- 



erations. 



Am?2. 



In LMFV Ato?3 



Atoj2 



while in NLMFV this relation would receive large correc- 
tions from subleading expansions in the Yukawas. Finally 
we point out that NLMFV differs from the next-to-MFV 
(NMFV) 17| framework since the latter exhibits addi- 
tional spurious at low energy. 
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